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In an earlier article, we examined the radiation from two sinple filamentary current distributions: traveling-wave and unifoim [3] . The radiated or far-zone electric field was computed for an excitation that was a Gaussian pulsc in time. Two interpretations for the origin of the radiation were presented, based on the far-field results. In this article, we continue this investigation; however, the emphasis is on an examination of the near field and the related transport of energy away froin the current filament. In this article, we examine traveling-wave and standing-wave current distributions, because these distributions are frcquently used to rnodcl practical antennas.
Exact analytical expressions are presented for the electric and magnetic fields of the assumed, filamentary current distributions when the excitation is a general function of time. For tlie filanientary distributions, the current and charge arc confined to a line (a line source). There is no radius associated with the filament. The expressions for the fields apply in both the near and far zones, and are used to determine the Poynting vector. For an excitation that is a Gaussian pulse in time, exact analytical expressions are obtained for the energy leaving the filament per unit time per unit lcngth, the total energy leaving the filarnent per unit length, and the total energy radiated. Graphical results based on these expressions are used to study the energy transport from the filamentary current distributions.
At the end of the article, the results for tlic standing-wavc current distribution are compared with those froin an accurate analysis of a pulse-cxcited, cylindrical monopole antenna, pcrformed using the Finite-Difference Time-Domain (FDTD) method. This comparison shows how tlie energy transport for thc assumed current distribution is related to that for an actual antenna.
Electromagnetic Fields of Two Filamentary Current Distributions
The geometry and the associated coordinates for the traveling-wave current distribution, which we call the fuaveling-wave element, arc shown in Figure la . The elcment, of length h, is aligned with the z axis. There is a sourcc of current I,\ ( t ) at the bottom of the element, and there is a perfect termination at the top of the element. A traveling wave of current leavcs the source and propagates along the elcnieiit at the spced of light, c. until it reaches the termination, where it is totally absorbed. tion for the axial current is
I ( 2 , t ) = I,s ( t -"/")[U(") -U (z -q] 3
The'distribu- (1) and, froin tlic equation of continuity for electric charge, tlic charge per unit length on tlie element is (3) Here, U is the Heaviside unit-step function, and 6 is the D i m delta hinction. The three terms in Equation ( 2) represent a traveling wave of positive charge, Q, , propagating along the elcment at the speed of light; a negative charge, yo, that is left behind at the lower end as thc pulse of positivc charge leaves the source (tlie element is electrically neutral); and a positivc charge, q,, , that accumulates at thc upper end as the pulse enters the tcrmination. The geometry and the associated coordinates for the staiiding-wave current distribution, which we call the stmzding-wave dipole, are shown in Figure lb . This terminology is used because the distribution becomes the familiar standing wave when the excitation is time harmonic. It is a dipole with the arms (each of length h ) aligned with the z axis. Thcre is a source of current, Z, ( t ) , at the center of tlie dipole (z = 0 ). The source produces a traveling wave of current (a pulse of positive charge) that propagates at the speed of light up the top ann of the dipole. A similar traveling wave of current (a pulse of ncgative charge) propagates down the bottom arm of the dipole. Thesc waves are totally reflected when they rcach the open ends of the dipole at time t = zrI = h / c . This produces traveling waves of current that propagate on the arms from the open ends toward the source. These waves are totally absorbed when they reach the source at time t = 22, = 2 h/c . The distribution for the axial current is
and the charge pcr unit length on the dipole is
As discussed in reference [7] , the standing-wave dipole can be can be viewed as a combination of four basic traveling-wave elements. Two elements are arranged to produce outward-traveling waves on the arms, starting at time t = 0 , and two elements are arranged to produce inward-traveling waves, starting at time t = 2, = h/c . This representation is easily understood by comparing tlie current distributions given in Equations (1) and (4): Equation(4) is the sum of four terms, each with the same foim as Equation (1). Notice from Equation ( 5 ) that there is no accumulation of charge at the center or ends of the standing-wave dipole as there is for the traveling-wave element of Equation (2) . For the standing-wave dipole, equal amounts of positive and negative charge simultaneously leave or enter the source, and the traveling waves of charge are totally reflccted at the open ends.
The complete electroinagiietic field (both the near field and far field) of these current distributions can be obtained in closed form. The derivation is presented in reference [8] , so only the final results will be given here. The field for the traveling-wave element is and the field for the standing-wave dipole is (9) There are three spherical coordinate systems used in the description of thesc fields: they are shown in Figure 1 . For thc standingwave dipole, they are the systcm v,O,p, with origin at tlie centcr of the dipole; the system q,,Qll,p,i, with origin at tlie top of tlie dipole; and the system r-/l,Q-/,,p-/2, with origin at the bottom of the dipole. The azimuthal coordinate is the same in all systems, SO Figure 2 . A plot of the Poynting vector for the traveling-wave element at the time t/zn = 2.5 : the right side is the magnitude, the left side shows the vectors. Logarithmic scaling is used for both sides. Figure 3 . A plot of the Poynting vector for the standing-wave dipole at the time t/za = 2.5 : the right side is the magnitude, the left side shows the vectors. Logarithmic scaling is used for both sides.
In the limit as r + C O , Equations (6)-(9) simplify to become the radiated or far-zone field [7, 81 . For the traveling-wave element, the electric field is p0c sin Q E r ( r , t ) = I ( t -r / c )
and for the standing-wave dipole, the electric field is ,?"'?,t) =&{Is
(1 1) For both distributions, the radiated magnetic field is simply Notice that the superscript r is used to indicate the radiated or farzone field.
In the calculations that follow, the current of the source is assumed to be a Gaussian pulse of the form where z is the characteristic time. For all numerical results, we will use z / z, = 0.076 ; then, the width of the pulse in space is approximately one fourth of the length of an element (four pulses fit along the length h).
The expressions for the clectric and magnetic fields of the current distributions, Equations (6)- (9) , apply at any point not directly on the filament. Therefore, we can use these expressions to calculate the Poynting vector in the space surrounding the filament:
Figures 2 and 3 show the Poynting vector for the field of the traveling-wave element and of tlie standing-wave dipole, respectively, at the time t / 2 , = 2.5 . In these figures, the Poynting vector is not plotted within a naiTow region adjacent to the filaments, specifically, for p < 0.15h, where p is the radial distance from the filament, because -as we will show later ~ the Poynting vector becomes infinite at the filaments. On the right-hand side of these figures, the logarithm of tlie magnitude of the Poynting vector, I i ? 1, is plotted on a color scale. The intensity of the field increases as the hue goes from blue to red, and the range for the values of I 5; 1 displayed is lo4 : 1 . On the left-hand side of these figures, the arrows indicate the direction of the Poynting vector, and the length of an arrow is proportional to the logarithm of Ii?I, For the traveling-wave element, a spherical wavefront, W, , centered at z = 0, is produced when the pulse leaves the source, and a second spherical wavefront, W, , centered at z = h , is produced when the pulse is absorbed by the termination. These wavefronts travel outward from the ends of the element at the speed of light. For the standing-wave dipole, there are four sphcrical wavefronts: W, , centered at z = 0 , is produced when the pulses leave the source; W2 and W;, centered at z = h and z = -h , respectively, are produced when the pulses are reflected from the open ends; and W,, centered at z = 0 , is produced when the pulses are absorbed at the source. For all of the wavefronts, the Poynting vectors are seen to be predominantly normal to the wavefront. Noticc that the energy is not distributed uniformly over a spherical wavefront, but is concentrated in certain regions. This can be clearly seen in Figure 2 for the traveling-wave element, where the concentration of energy is highest for wavefronts W, and W2 within the red areas at the angle 0 = 20".
It is not surprising that tlie graphical results in Figures 2 and  3 show spherical wavefronts centered on the source and ends of the filaments, for the formulas for the electromagnetic field, Equations (6)- (9), directly support this interpretation. Consider the formula for the electric field of the traveling-wave element of Equation (6) . The first and third terms in this formula involve only the radial distance, r, from the source (not q,), and the time delay, t -Y/C . Thus, these terms can be interpreted as spherical waves centered on the source, z = 0 . The second and fourth terms in this formula involve only the radial distance, rl,, froin the termination (not r), and the time delay, t -r , / c or t -h/c -rh/c. Thus, these terms can bc interpreted as spherical waves centered on the temiination, z = 12. A similar argument can be used with the formula for the electric field of the standing-wave dipole, Equation (8), once one recognizes that r sin 0 = qi sin 01, = r-/, sin 0-, .
Total Energy Radiated by the Filamentary Current Distributions
The total energy radiated by a filament is determined by integrating the normal component of the Poynting vector for the radiated field, s", over the surfacc of a large sphere surrounding the filament and over all time:
where CO = && is the wave impedance of free space. Surprisingly, this expression can be evaluated in closed form for both current distributions when the source current is the Gaussian pulse of Equation (1 3 Here, y = 0.57721 ... is Euler's constant, erf is the error function, and E, and Ei are exponcntial integrals [9] .
In Figure 4 , the total energy radiated is plotted in normalized fOITl, versus the parameter z, /z = k/cz , which is the timc for light to travel the length h divided by the characteristic time for the pulse. For both distributions, traveling-wave and standing-wave, the total energy radiated is seen to increase monotonically with increasing z,/z (with increasing length of the elcmcnt or dipole). This behavior is easily explained. Consider the spherical wavefront W, for the traveling-wave element, shown in Figure 2 . This wavefront originated at the source end of the element. As the wavefront expanded, it stayed in contact with the element for the length of time z, . During this time, energy continually left the element and entered the wavefront (this will be shown explicitly in the next section, Figure 6 ). Hence, an increase in z,/r causes an increase in the energy within the wavefront and an increase in the total energy radiated.
When the filaments are electrically short, that is, in the limit z,/z -+ 0 , the energies are
(20)
Notice that these energies differ by a factor of ( z~/ z )~. This difference is explained when we recall the relationship between the Poynting vector of the radiatcd field, which appears in Equation (15), and tlie electric dipolc moment, p , of these electrically short filaments [7] :
So, for the traveling-wave element with thc current of Equation (l), we have and for the standing-wave dipole with the current of Equation (4), we have which, in agreement with Equations (19) and (20), differ by a factor of (z,/zl2. Notice that these encrgies differ by a factor of four. To explain this difference, we will first consider the plot in Figure 2 for the Poynting vector of the traveling-wave element. As mentioned earlier, for wavefronts W, and W,, the concentration of energy is highest within the red areas at the angle B s 20". As the length of the element is made longer (as z,/z is increased), the energy within these regions increases, and the regions move closer to the z axis (to a smaller angle 8). This effect is probably more familiar for traveling-wave antennas with time-haimonic excitation, where the main lobe in the far-field pattern decreases in width and moves to a smaller angle as the electrical length of tlie antenna is increased [7] . For a long element, these regions contain most of the energy radiated by the element. Now, there are four times as many regions like this for the standing-wave dipole as there are for the traveling-wave element. For the standing-wave dipole, shown in (This is more easily seen in plots for a longer time, t l z , , than shown in Figure 3 , when all of the wavefronts have expanded beyond the dipole.) Therefore, the energy radiated by the standingwave dipole is approximately four times that radiated by the traveling-wave element. 
Transport of Energy Away from the Filamentary Current Distributions
Using plots of the Poynting vector, we can examine the transport of energy very close to the filament of current. For this analysis, we will express the Poynting vector, Equation (14), in terms of the circular cylindrical coordinates p, p, z , centered at the source:
First, we will consider the radial component of the Poynting vector, S P , in the limit as p + 0 . This will be used to determine the energy leaving the filament per unit time per unit length:
To evaluate this expression, we must obtain asymptotic forms that apply in the limit p + 0 for the distances, angles, and unit vectors that appear in the expressions for the components of the field, Equations (6)- (9) . For a point z within the range 0 < z < h (see Figure 5) , these forms are
When these results are substituted into the expressions for the field, the Poynting vector is evaluated, and the limit is taken, Equation (27) becomes, for the traveling-wave element,
and for the standing-wave dipole
$ ( t -2 h / c -~/ c ) [ l , ( t -z / c ) -I , ( t --2 h / c + z / c ) ]
In Equation (30), we have given the result for the top half of the dipole; by symmetry, the result for the bottom half is the same. Outside of the region for which Equations (29) and (30) applythat is, for z/h i 0, z/h > 1 for the traveling-wave element, and for I z/h 1 > 1 for the standing-wave dipole -a detailed analysis shows that dU/dtdz = 0.
For the special case where the current of the source is the Gaussian pulse, Equation (13), these expressions become the following: for the traveling-wave element, and for the standing-wave dipole,
Here, to produce a dimensionless quantity, we have normalized the result by dividing by the total energy radiated by the filament, UTad, divided by the length of the filament, h (2h for the dipole), times the characteristic time for the pulse, T. The normalized position z, = z / h and the normalized time t,, = t / r , = ct / h have also been introduced. The total energy leaving a unit length of the filament is obtained by integrating Equation (27) over all time:
When Equations (3 1) and (32) are substituted into this expression, a number of complicated integrals result, all of which can be evaluated in closed form (see Appendix B). We obtain for the traveling-wave element,
and for the standing-wave dipole,
where, again, we have normalized the expression to produce a dimensionless quantity. We will now examine graphical results obtained from the four formulas: Equations (31), (32), and (34), (35). Figure 6 shows the normalized energy per unit time per unit length, Equation (31), leaving the element as a function of the normalized position, z / h , and the normalized time, t/r,. This graph is a series of one-dimensional plots (energy versus spatial position); each plot is for a fixed time. The plots are vertically displaced by an amount proportional to the time to show the progression of the signal along the element. Figure 7 shows the total normalized energy per unit length, Equation (34), leaving the element versus the normalized position, z/h . From Figure 6 , it is clear that as the pulse of currenticharge moves along the element at the speed of light, energy leaves the element at the location of the pulse. Figure 7 shows that there is a net amount of energy leaving every unit length of the element. Initially, an infinite amount of energy leaves the source end of the element (point A in Figure 6 ). This supplies the infinite amount of which is clearly infinite. An infinite amount of energy also leaves the termination end of the element (point B in Figure 6 ). This supplies the infinite energy stored in the field of the positive point charge qh , Equation (3), that remains at the termination end of the element.
Traveling-Wave Element
The results in Figures 6 and 7 are for a cylindrical surface at the element, that is, for the limit p + 0 . Results for a cylindrical surface of any other radius surrounding the element can be obtained by numerically evaluating the expressions for the field,
Equations (6) and (7), and the Poynting vector, Equation (26). In Figure Sa , we show the total energy passing through such a cylindrical surface, normalized to the total energy radiated, versus the 56 normalized radius of the surface, p / h (see the inset in the figure for the geometry). As expected, the energy grows without bound as p / h + 0 . However, once p / h > 0.2, the energy passing through the surface is nearly constant and equal to the total energy radiated by the element. Figurc with our earlier observation that practically all of the energy passing through a cylinder with this radius is radiated away.
Standing-Wave Dipole
Figures 9 and 10 show the normalized energy per unit time per unit length, Equation (32), and the total nornialized energy per unit length, Equation (35), respectively, leaving the standing-wave dipole. These graphs are for the top half (arm) of the dipole; by symmetry, the results for the bottom half are the same. In Figure 9 , we can clearly see that energy leavesienters the arm of the dipole near the position of the pulse of currenticharge as it travels along the arm. Initially, an infinite amount of energy leaves the source end of the arm (point A in Figure 9 ). This supplies the infinite amount of energy associated with the pulse of currentkharge traveling along the arm, Equation (37). As the pulse approaches the open end of the arm ( z / h = l , t / z a = l ) , energy enters the arm (point B), and then as the pulse leaves the open end of the arm, energy leaves the arm (point C). When the pulse arrives at the source end of the arm ( z / h = 0, t/ra = 2), an infinite amount of energy enters the arm (point D). Figure 10 shows that there is a net amount of energy leaving every unit length of the arm, even though -as Figure 9 shows -at different times, energy can either leave or enter a particular point on the ann (points C and D).
At the point z / h = 0 in Figure 10 , the energy per unit length appears to be zero, but it is not. A detailed calculation shows that it is (38) which has the numerical value 0.3 1 1 ... for the case shown in Figure 
10.
For the standing-wave dipole, there is no point in making a graph of the total energy passing through a cylindrical surface surrounding the dipole, such as the graph shown in Figure Sa for the traveling-wave element. The graph would simply be a straight line of value 1.0, because, for the standing-wave dipole, the net energy passing through a cylinder of any radius is radiated away. Unlike the traveling-wave element, in the limit t/rn + C O , no point charges remain at the ends of the arms of the standing-wave dipole; thus, there is no field around the dipole in which energy is stored.
The results presented above show that there is a net amount of energy leaving every unit length of both filamentary current distributions: the traveling-wave element and the standing-wave dipole. This energy must supply the energy stored in the near field of the filament, as well as the energy radiated to the far zone. It is not possible to say that energy leaving a particular point on the filament, such as an end, at a particular time contributes only to the radiated energy. For example, consider an amount of energy AU that leaves a unit length of the standing-wave dipole near the source ( z / h = 0) at a time around t / z , = 0 . Several things could happen to this energy. It could contribute directly to the radiation. It could enter the field near the filament and travel along the filament until it reaches the open end ( z / h = 1). At the open end, it could contribute to the radiation, it could be absorbed back into the filament. or it could travel down the filament toward the source.
Comparison with Results for a Cylindrical Monopole Antenna
The two filamentary current distributions discussed above are often used as approximate models for actual antennas. So a reasonable question to ask is, "How do the results for these models compare to those for actual antennas?" To answer this question, we will compare the results for the standing-wave dipole with those for a cylindrical monopole antenna. The results for the monopole antenna were calculated using the FDTD method. In the past, calculations made for the monopole antenna using this method were shown to be in excellent agreement with measurements [7, 101. Therefore, we can safely assume that the results we calculate by this method are the same as what we would measure for an actual monopole antenna.
The cylindrical monopole antenna is shown in Figure 11 . It is a vertical, perfectly conducting rod of radius a that extends a distance h above an infinite, perfectly conducting image plane. The monopole is fed through the image plane by a coaxial line. For the results to be presented, the radii of the iiiner and outer conductors of the line are n = h/200 [Cl = 21n(2h/a) = 121 and b = 2.30a, and the incident voltage in the coaxial line is a Gaussian pulse with the same form as Equation (1 3): with z/ra = 0.076. Figure 12 shows the Poynting vector for the field of the monopole antenna at the time t / z a = 2.5; this is to be compared with Figure 3 for the standing-wave dipole. The plots are very similar, and clearly show why this assumed current is often used to obtain a simple description for the radiation from the actual antenna. The most obvious difference in the plots occurs for the wavefront W, near the drive point, z/h = 0. This difference is due, in part, to the pulses in the assumed current being totally absorbed when they reach the source at time t/r, = 2 , For the actual antenna, only a portion of the pulse of current enters the coaxial line (is absorbed), and the rest is reflected. The reflection of the pulses of current at the source can be included in the simple model, as shown in reference [7] , and this would makc the agreement with the FDTD results better. However, the inclusion of the reflection would unnecessarily complicate the calculations of the energy presented earlier: Equations (17), (32), and (35).
Additional comparisons of the Poynting vector of the assunicd current (a standing-wave dipole) with that of the monopole antenna are in Figures 13 and 14 . In these figures, the Poynting vector is not plotted within a narrow region adjacent to the filaments, specifically, for p < 0.051~ . Figure 13 is for a limc t/r, = 0.3 , when the pulse has just left the drive point, and Figure 14 is for a time t/z,, =1.3 , when the pulse has just been reflected from the open end. Again, we scc that the two results are in good qualitative agreement. In both figures, the Poyiitiiig vectors are directed radially outward on a sphcrical surface, which indicates that energy is being traiisported away from both the drive point and the open end. Notice that therc are differcnces in the distribution of energy within the colored rings. For example, in Figure 13 , there is a circular, light-blue region near the drive point of the monopole and no similar region for the assumed current; and in Figure 14 , close to the monopole the colored ring is wider for the monopole than for the assumed current. Thesc differences are caused by dispersion (changes in shape) for the pulse of current as it leaves the coaxial line, travels along the monopole, and is reflected from the open end; there is no change in shape for the Gaussian pulse in the assumed current.
Despite the good qualitative agreement shown in these figures for the Poynting vectors for the assumed current (a standingwave dipole) and the monopole antenna, we know that very close to these two structures the Poynting vectors must be very different. As can be seen in Figure 9 , at every point aloiig the standing-wave dipole there is a radial component of the Poynting vector at some time. For the perfectly conducting monopole, the radial component of the Poynting vector is always zero at the surface of the antenna, that is, at p = a . Stated differently, energy enters the space surrounding the standing-wave dipole at all points along its length, whereas energy enters the space surroundiiig the monopole antenna only through the coaxial aperture in the image plane. [One could interpret this result differently. One could say that there is energy entering and lcaving the perfectly conducting monopole at every point on its surface. However, the energy entering is instantaneously equal to the energy leaving, so the uet energy passing through the surface is zero.] To examine this point further, in Figure 15 we compare the total energy per unit length leaving the standing-wave dipole and the moiiopole.
The graphs in Figure 15 show dU/rlz, appropriately normalized, versus z / h , for three cylindrical surfaces of different radius surrounding the structures:
, and (c) p/h = 0.230(p/b = 20.0). The solid line is for thc assumed current (a standing-wave dipole), and the dashed line is for the cylindrical monopole antenna. Notice that the vertical axis is logarithmically scaled. For thc smallest radius, Figure 15a , the surface coincides with the outer conductor for the coaxial line of the monopole. For this case, the two distributions are vcry different. The large peak at z / h = 0 in the distribution for the monopole is caused by the energy leaving the coaxial aperture. Of course, there is no similar peak in the distribution Tor the assumed current. For the larger radii, Figures 15b and 15c , thc dis- tributions for the two structures are very similar. So, we can conclude that even though energy leaves the surfaces of the two structures in completely different ways, once we are slightly away from the structures -at a radius that is typically 10% to 20% of the height of the inoiiopole ~ the distribution of tlie energy in space is very similar for the two structurcs.
Discussion and Conclusions
In this paper, we considered the transient radiation from two simple, filamentary current distributions that are frequently used to model practical antennas: the traveling-wave element and the standing-wave dipole. Exact analytical expressions were presented for the electric and magnetic fields of these distributions when the excitation was a general function of time. Thcsc expressions apply in both the near and far zones. For an excitation that is a Gaussian pulse in time, exact analytical expressions were obtained for the energy leaving thc filament per unit time per unit length, the total energy leaving the filament per unit length, and thc total energy radiated. Graphical results based on these expressions wcre used to study the energy transported from the two filamentary current distributions. One iutercsting observation was that there is a net amount of energy leaving every unit length of both of these current distributions. For the traveling-wave clement, some of this energy is radiated away from the element, and thc rest is stored in the field of the point charges that remain at the two ends of the elcment. For the standing-wave dipole, this energy is all radiated away.
The results for the standing-wave dipole were compared with those from an accurate analysis of a cylindrical monopole antenna, performed using the FDTD method. The comparison showed the similarities as well as the differences in the energy transported from this simple filamentary current distribution and an actual antenna.
For the standing-wave dipole, a spherical wavefront, W; centered on the source, is produced as tlie pulse of current leaves the source ( t = 0). As W, cxpands, it stays in contact with the filament and continually exchanges energy with the filament until it reaches the open end ( t = 2, ). Then, W, breaks away froin the filament and expands into space. At the same timc, a second spherical wavefront, W2 ( Wi ), centered on the open end, is also produced. As W2 ( W;) expands, it stays in contact with the filament, and continually exchanges energy with the filament until it reaches the source ( t N 22, ). At this time, a third spherical wavefront, W3, centered on the source, is also produced. After this time, both W2 ( W; ) and W, continue to expand. However, thcre is no further exchange of energy between these wavefronts and the filament, even though these waverronts remain in contact with the filament until they reach the open ends ( t = %,), because there is no longer any current in the filament.
For the cylindrical monopole antenna, energy enters the space surrounding the antenna through the coaxial aperture when the incident voltage pulse reaches the end of the transmission line ( t x 0). At this time, a spherical wavefront, W, , centered on the aperture, is produced. As W, cxpands, it stays in contact with the monopole until it reaches the open end ( t = 2, ). It then breaks away from the monopole and expands into space. At the same time, a second spherical wavefront, W, , centered on the open end, is also produced. W2 expands until it encounters the image plane/aperture ( t = 22,). At this time, some of this energy in W2 enters the coaxial line where it is absorbed, and some of the energy in W, goes into the two new wavefronts, Wj' and W, , This process goes on, with new wavefronts continually being produced, until all of the energy that initially left the coaxial aperture is carried away by the wavefronts or is absorbed back into the coaxial line.
There are several differences in the descriptions presented above for the energy transport very close to these two structures. Probably the most distinct difference IS that energy is continually exchanged between the current filament and the spherical wavefronts as they travel along the filament, whereas no energy enters or leaves a spherical wavefront through the surface of the perfectly conducting monopole. Energy entcrs the space surrounding the antenna only through the coaxial aperture, and the perfectly conducting monopole simply servcs to distribute this energy in space. Despite these differences, at a small distance from the structures (typically 10% to 20% of the length h ) the cnergy transport is conspicuously similar. This is the reason that the simple model (a filamentary current) is useful for malting good qualitative predictions for the radiation (far field) of the actual antenna (a monopole).
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Appendix A
For the traveling-wave element, the total energy radiated, Equation (16), is obtained by substituting the expression for the radiated electric field, Equation ( I 0), into Equation (1 5), and then replacing the current of the source by Equation 
0=0
Now, we will introduce the change of variable
After evaluating thc first integral and introducing the change of variable x = v2 in the third intcgral, we obtain The integrals that remain are standard integrals, so our final answer is where y = 0.57721 ... is Euler's constant, erf is the error function, and E, is an exponential integral [9] .
The calculation for the total energy radiated by the standingwave dipole, Equation (17), is more complicated: it involves ten double integrals, whereas this calculation only involved three double integrals. The procedures used, however, are similar to those used in this calculation.
Appendix B
For the traveling-wave element, the energy leaving a unit length of the element Equation (34) is obtained by substituting Equation (3 1) into Equation (33):
After malting the change of variable 5 = (til -z,)(z,/z) and writing out thc crror function, Equation (45) becomes (47) Now, the first integral in Equation (47) has the value a, an using integration by parts, we can show that the second integral has the value To evaluate the third integral in Equation (47) 
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